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The article solves the two-parameter task of evaluating the intensity of diffuse Bessel processes by the methods of spectral theory. In particular, barriers for
cost of options, where the derivative of financial flows turns into zero, have been considered, and a task for the two-barrier option has been solved, which cor-
responds to Bessel process. A Green’s function has been built for the diffusion Bessel process of the two-barrier option, decomposed according to the first-type
system of Bessel functions. The barriers are taken in such a way that the derivative of financial flow in terms of price is turned to zero, i.e. there are the points
where flow can acquire extreme values. On the basis of Green’s function, the value of securities has been calculated. It is handier to use similar barriers when
monitoring a stock market. The Green’s function for this task, which represents the probability of spreading the option price, is represented through the Fourier

series. This provides an opportunity to evaluate the intensity of financial flows in stock markets.
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BypmHsk I. B., Manuybka I. 1. OyiHKa giHaHcosux nomokie becenigcoKux
npoyecie 3a 00MOMO02010 CIeKMPANbLHO20 AHAANI3Y

Y cmammi po3e’s3aHo 0sonapamempuyHy 3a0a4y OUiHIOBAHHSA iHMeEHCUs-
Hocmi beceniscekux dugysitiHux npoyecie Memodamu crekmpanbHoi meo-
pii. 3okpema, posanaHymo 6ap’epu 0aa 8apmocmi onyioHis, 8 AKUX NOXiOHa
(hiHaHCOBUX MOMOKI8 MepemeopEMbCS 8 Hyab, PO38’A3aHO 3adayy 0aa
080bap’epHo20 onyioHy, wo s8idnosidae npoyecy beccens. 30dilicHeHo noby-
0dosy gyHKUii [piHa 0na dudpysitiHozo npouecy beccens dgobap’epHoeo onui-
OHY, AKA po3KnadeHa no cucmemi gyHKyili beccens nepwiozo pody. bap’epu
834Mi MAKUM YUHOM, Wob y HuX MoxiOHa (hiHaHCOB020 MOMOKY 3a YiHO
nepemaoptosanaca 8 Hysb, Mobmo ye movku, de nomik moxe Habysamu
eKcmpemanbHUX 3Ha4eHb. Ha ocHosi gyHKYii [piHa nposedeHo 064ucneHHs
8apmocmi noxioHux yiHHux nanepie. [ nposedeHHA MOHIMopuHay hoHOO-
8020 PUHKY 3py4HO BUKOpUCMOBy8amu came maki 6ap’epu. GyHruito [piHa
yiei 3a0ayi, AKa perpeseHmye (iMosipHICMb NOWUPEHHSA YiHU 0NYioHY, nped-
cmassieHo Yepe3 padu dyp’e. Lie dae mosxaugicme ouiHUMU iHMeHCUBHICMb
(hiHaHCOBUX MOMOKI8 hOHO0BUX PUHKIE.
Knrouoei cnosa: cnekmpansHa meopis, 6ap’epruli onyioH, ¢iHaHcosi nomo-
Ku, (pyHKYii beccens, yHKuia [piHa, cuHeynaprull napaboniyHuii onepamop,
iHgpiHimizemansHuli onepamop.
Puc.: 1. ®opmyn: 12. bi6n.: 9.
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gepcumem im. B. CmedpaHuka (eyn. Llesyerka, 57, I8aHO-®paHKiBCLK,
76018, Ykpaina)
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essel processes play an important role in financial
mathematics, since they are inherently closely related
to models of geometric Brownian motion and Cox-
Ingresol-Ross processes [1]. We are interested in consider-
ing those Bessel processes, which present generalization of
the Ornstein-Uhlenbeck process for barrier options [2]. At
certain characteristics, the diffusion process with the Bessel
operator never hits zero, and a number of papers [3] are dedi-
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B cmamoe peweHa syxnapamempuyeckas 300a4a OUeHUBAHUSA UHMeHCU8-
Hocmu Ougbghy3Hbix npoueccos beccens memodamu crnekmpansHol meo-
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U3800HAA (YUHOHCOBO20 MOMOKQ MO YeHe MPespawjanacy 8 Hosb, Mo ecmb
3MO MOoYKuU, 20€ MOMOK MOoXem npuobpemame 3KCMPemasbHble 3HAYEHUS.
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cated to these cases. We consider those cases when the de-
rivative of the financial flow of the Bessel process can hit zero.
These conditions are used to determine the excessive growth
rate of the stock portfolio as well as explain how exceeding
the growth rate of the market portfolio provides a measure of
internal volatility in the market at any given time [4].

A significant part of the problems of financial math-
ematics are described by diffusion processes or stochastic
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differential equations. In 1998, Kaufman showed that the
Bessel diffusion {Z, t > 0} with constant negative drift and
an infinitesimal generator has the form [5]:

@ =30 s @+ Lre o

Problem statement. The spectral method is applied
to derivative financial instruments, in particular there pre-
sented the price for the derivative u(t, x) through a function
that is neutral to the risk of expecting the future value of the
real-valued process X, that is as

u(t, )= E[H(X)]= [ H(»)p(t, x, y)dy,
where p(t, x, y) — transition density of X with the probability p.
If the infinitesimal generator L of the real-valued process
is self-ajoint in the Hilbert space with the increment of the
measure m(x) dx, and the L — spectrum is discrete, then the
transition density of X is developing with respect to its own
functions [6]:

Pt x, »)=m(» Y, e, (1), ().

where {} } — eigenvalues, L{g,} — eigenfunctions: therefore,
L{(Pn} = )bn (pn'

Let us consider the process for which the operator L
has the form:

L=8)2Cx +x_16x—x_2p2, (1)
where p — constant value called an index, x > 0.
We should note that L is a singular parabolic operator,
an infinitesimal one, to which a number of operators where
o2 = 2x? is reduced, L is called the Bessel operator.

Let us study L for eigenvalues and eigenfunctions us-
ing the Sturm — Liouville theory, thus Lv = A2y, we obtain

;2
the equation v" + z —p—zv =—A%v, after multiplying by
X Xx
we have
X2V x4 (ﬂ.zx2 - p2 Ww=0. (2)

Equation (2) is a Bessel equation with the parameter A.

he solution of equation (2), except for the partial
Tvalues of p, is not expressed in terms of elementary

functions (in the finite form), these non-elementary
functions are called Bessel functions, they are widely used
in economics, technology and physics. Since the Euler-Bes-
sel equation is a linear one, its total integral can be put in
the form

v=Cwv +Cyv,y,
where v, v, are any two linearly independent partial solu-
tions of the Euler — Bessel equation, and C,, C, are arbitrary
constants.
In the case of p > 0 we make a substitution v = x”w and
obtain for the function w the following equation:
2p+1
x

The solution of the resulting equation is a power se-

w" + w+w=0.

ries that is absolutely convergent for all x € (—o0; ©) and

has the form:
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_ (x/2)

T I(p+)

o (_ 1)m (x/z)p+2m

et 2..m(p+1)...(p+m)T(p+1)

where I' — gamma function. By transforming (3) on the ba-
sis of properties of the gamma function, we obtain a Bessel
function of the first kind of the p-th order:

B 00 (_1)m(x/2)p+2m
Tp0=2 Tm+ )T (p+m+1)

m=0
Note. Since equation (2) contains p? the substitution
of p for (-p) does not influence the solution of the equation,
thus there exists a solution for any value of p.
If p is not an integer, then the Bessel functions cannot
be linearly dependent and the general integral of equation
(2) has the form:

J=CJ,(x0)+CyJ_, ().

With an integer p we find one more partial solution:

y=xPw

®3)

Jp(x)cos pr+J_,(x)

Y, (x)= .
sin pm

which is expressed by a Bessel function of the second kind
that is undefined at x = 0. Using L'Hopital’s rule we find the
boundary for x — 0 and by this value define the function at
zero:

2 X
Yy ==Jy(x)|In=+C |-
0= o(x)(n2 )

2 & 11 1
=3 (=)™ (x/2)*" (1+—+—+...+—).
=l 2 3 m

For any value of p the following formulas can be used:

d
E(xp‘]p (x)) = xp']p—l (x)7

d _ _
TP @) =X ().

The Bessel functions Jp(kx), Jp(px) where 1 and p are
the roots of the equation Jp(x) = 0 are orthogonal on the
interval [0, 1] with the weight x, thus

féxJp(lx)Jp (ux)dx =0, L # u,

and if 1 = y, the two cases are possible:

1

1 275 @, T, () =0,
fo; (Ax)dx =
0

2
5(1 —;’—2) T2, T, () =0.

Forall o, p 2 0, a + > 0 there exists a countable set
of positive roots
avy () + vy (u) =0,
whose boundary point is at infinity.
If v(x) is the solution of (2), then the function v(Ax) will
also be the solution of the equation of the following form:

2V +x + (A% = p?v=0. (4)

Equation (4) is a Bessel equation with the parameter
. Any solution of equation (2) expressed by a Bessel func-
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tion has an infinite set of positive roots that are close to
the roots of the function sin (x + ), which has the form:
k,=nm — o, © = const, n — an integer (it is similar for nega-
tive roots, because they are symmetrical relative to the ori-
gin of coordinates), if k, # 0 they are simple roots and form
a countable set [7].

Since Bessel functions are alternating series, the cal-
culation of values can be performed using the Leibniz lem-
ma, which makes it possible to determine the accuracy of
the approximation.

To find the eigenfunctions and eigenvalues, let us con-
sider the following boundary value problem:

xzv,'{' +xvy, +(/12kx2 —p2 W, =0, (5)
il <+, (6)
avy (xg)+ By (xp) = 0. (7)

The given problem has a unique solution. We impose

condition (6) because x = 0 is a special point of equa-
tion (5) and the operator L. x, is a regular point of equation
(5). The values of 4, with which the boundary value problem
(5) = (7) has a non-trivial solution v, are called eigenvalues,
and v, — eigenfunctions of the problem. It is known that un-
der conditions (6) the operator L has a countable number of
eigenvalues, they are simple and not negative [8]. The mul-
tiplication of L by x? does not change either the eigenvalues,
the eigenfunctions, or their quantity.

Let us consider the following problem:

X2 +xvp +(Aix? = pP)v, =0,

Thus, we are considering a Sturm — Liouville problem.

|Vk|x=0 <+ oo, (8)
Vi (%) =0.
From (6) it follows that p > 0. Let us consider the case
with p > 0, since (2) has as its integral v = ClJp(x) + C2}; (x),
then, based on the properties of the Bessel function, prob-
lem (8) has the following solution:

v=CJ,(Ax)+ GY, (Ax).

Taking into account the boundary conditions we will
have C, = 0 and ClJp (4,x,) = 0, thus Jp (4,x,) = 0, therefore
AuXy = 1, where A, = %, 0<p, <py<..<p,<..,where

0
1 are the roots of J}, (4 ) = 0. The norm of v,(x) will have

the form:

2 1 V2
e = 5|3 == | () k=1,2, ..
2
M
Let us consider the case with p = 0. Thus we have the
problem:

(xv)+A2xv =0,
W]y <+, ©)
V'(x9)=0.

With 4 = 0 the solution is v(x) =1, then it follows

that 2 = 0 is the eigenvalue and v, (x) =1 is the eigenfunc-
tion.

122

Let us consider 4 > 0. As in the previous case we will

find v, (x) = J, ('u—kx), k=1,2,.., A ='u—k, where y1,
X0 X0

are positive roots of the equation J},(#) =0, in this case

the norm v, (x) will be equal to:

2
i @ =22y up)?s k=12, ..
2

Results of the research. Let us consider the Bessel
process described by the equation:

av(t,x) azv(t,x) _1 0v(t,x)
= +x -

ot a2 ax (10)
—pzx_zv(t, x), 0<x<xp,
and the boundary condition
v(0, x) = K(e* —1)*, vi(t, x)) =0, (11)

where K is a strike value. The process is homogeneous,
therefore, v(z, x) = @(t) v(x).
From the Sturm — Liouville theory we have:
2
H“n
o -t U
v(t, x) = z Cppe 0 J, (—"x)+co, p>0,u,>0,
n=1 X0
where 1, — positive roots of the equation are calculated by
the formula with p > 0, €py=0 if p = 0 then

X
¥ _ %0 4120
_Kl (;Cox(ex_l)dszl(er e +1 2)

g 0 xdx Xo
2

2
= K, (2x; '€ —2x5 %™ +2x2 —1), K, = *T,

0p

ngo x(e*=1J, ('l;"x)dx
_ 0

Cpp =
[0x2 ('u" x) dx
0 Pl x
0
The financial flows have the following form:
2
o [ #n ) _
( (T—-t) X
_ InK o
u(t, x)—ngchnpe Jp (,un an).
In the case when the process is completed at time 7,
when X = K:
2
il el
u(t, x)= > Kc,e \ 1 Il /™|
= R
n=0 In—
L

where L < x <R, L, R — barriers, K — strike value, and ¢,y are
calculated as follows:

Jot@ =17, (u,0)dr
o =2K - .
Jp+l (/un)

We have calculated the expansion of the financial flow
in terms of the system of Bessel functions ./, of the first kind,
while the distribution of the flows is set by the Green func-
tion of the corresponding problem. Therefore, for the cal-

Cc
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culations it is convenient to expand the Green function in
terms of the system of Bessel functions. The process that we
consider can be expressed by a correspondent inhomoge-
neous boundary value problem:

u  0u

o2t

dat  ox
where f(t, x) is twice continuously differentiable in x and

continuously differentiable in ¢, absolutely integrable with
the derivatives, (¢, x) € [0, + ), and is expressed as follows:

fn=3 fn(r)Jp[’“‘”x),
n=0 X0

0<x<xy<+to, 0<t<T,

~19u _p u(t X)

+ f(t,x), x>0, (12)

where y are the roots of the equation J () =
The problem can be solved using the following equa-
tion:

u(t, x) = i T,(0)7, (ﬂ)
n=0 X0

By substituting (12) we obtain:

E 07 (xo )=§0

_ifl-] (Iun

)}T )+ E 0, (
X0

then

i [T, () +A2T,

n=0

ﬂnx) 0.
X0
T, (- f,(t)=0, 4, ="

X0

(f)—fn(t)]Jp(

therefore, T, (f)+ A2 EN

with the initial condition 7 (0) = 0.
The inhomogeneous differential equation of the first
order is solved by the method of constant variation. Since

2
T,(t) =0 has the first integral T,,(¢) = Ce Pt
then

Ty(0)+ A2

(the solution of a inhomogeneous equation),

T.(t)= C(t)e_’lg't, thus

8 £ (Brdp+C.
‘B 1 (B)d e +Cre™ M with 1= 0, C, =0,
T,0)= [P 1By,
t —2(-p) UpX
therefore, u(t, x) = E f 5H(BdpJ, .
o0
Taking into account that
-1
il
X0
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c=rx (t)e ,C(0) =

T,0)=[}

L= [0 E 0 J, (

we have:

ut, )= 3 fle P [0 ErE 1, (’;’f)x
n=0
-1
casass, (22| v )] -

a3l i

0

<, (L= 12X pi, oyagap,
X0 X0
therefore,
< Ha& M X ip)
Git-p.x, &)= &, . J, —=le 0 X
n=0 0 0

-1
1 p2
X(E(XS —g)u,, (uknz] ,

u(t, x)= [ G(t—7, x, §) f (¢, ) dE.

Since the problem of evaluating and studying two-
dimensional barrier options is reduced to considering and
solving boundary value problem [9]

du(t, x) o%u (¢, x) 4! du(t, x) pzu(t, X)
ot ax? dx Pl

xe[L,H],te[0, T],

u (t,L)y=0, u,(t, H)=0,

(T, x) = max (£ (x (1) = K), 0| 1< rego. -

This problem is reduced to solving the boundary value
problem for the singular parabolic equation:

u_du you_plutv)
ot ayz (:)y y2 ’
=Inx, ye[4,B],t€[0,T], A=InL, B=InH,

wl(t, A)=0, u.(t, B)=0,
(0, ) =y’ ") =
=max (£(x(T) - K),0) [[ (L<x()<H:; t€]0,T]

Taking into account all the considerations as to the so-
lution of classical boundary value problems for the singular
parabolic operator L, we have:

ln% E
u(T, x)= [, * (e L_K)II(L<x(t)<H; ref0,11 G(x,8)dE =

G
= fo (e"L—K) [[ (L<x(t)<H; (€][0,T]),

2
_| Hn ¢ In>
S 'nH} [ I R
2Y eV, | |
n=0 In— lnf

HY p? 2 B
X ((lnf) —EJ(J,;(MJC)) ,

where is the [[ (Lex() <Hie [0,7) Heaviside step function.
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Note. Since the roots of the Bessel functions of the
first kind are simple, then between two neighboring roots
of the Bessel functions there is a derivative root and we can
assume that the roots of the derivative are distributed simi-
larly to the roots of the functions. Thus for the Green’s func-
tion and its first derivative the correct evaluation is

CY cyln*t<+o, Vxe[L, H],0<t<T,C>0,c,>0.

n=1
Approximate calculations do not require a large num-

ber of coefficients in a row because of the rapid convergence.
0.006 -
0.005 ~
0.004
0.003 ~
0.002

0.001 ~
0 h T T

- G(ta X, g)'t: 1 — G(t’ X, &)lt::; —A G(t’ X, E.:)‘t: 12

Fig. 1. Graph of the Green’s function as the distribution
densityatL=90,H=120, {=0,5

It should be noted that the Bessel diffusion is widely
used in financial mathematics. Thus, the study considers the
problem for the two-barrier option, which corresponds to
the Bessel process.

CONCLUSIONS

Thus, as a result of this study, a Green’s function for
the Bessel diffusion process of a two-barrier option expand-
ed in terms of Bessel functions of the first kind is built. As
barriers there chosen the points at which the derivative of
the financial flow by price is equal to zero, that is, the points
where the flow can take extreme values. By means of the
Green’s function the value of derivative prices are calcu-
lated. Barriers of this kind are convenient for stock market
monitoring. L
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